TWO GEOMETRIC COMBINATORIAL PROBLEMS IN VECTOR
SPACES OVER FINITE FIELDS

EMMETT WYMAN

Abstract. First, we show that the number of ordered right triangles with ver-
tices in a subset E of the vector space F3 over the finite field F
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Often, we will ask how large a subset E of F{
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Proposition 2. (Plancherel’s Formula) Let f,g: F¢ — C. Then
_1_ I —
f(m)a(m) =g TF(X)9(x).
m =g x [Ed

Proof.
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for zJ [CA. This yields at most |E|?> combinations of values for y, z, and z& Then
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where |8] < 21/2. It follows from direct computation that the first term exceeds the
second if |E| > Z%qg. Now if ¢ =3 (mod 4), Lemma 2 instead yields

3 3 2 3

q(@ — 1IE] 1=q9(@—DIE[°(@+2)= (@ +q° —20)IE".
y,z,y5zHE]
y+z=yz"
y-z=y-z"

Hence the second term is bounded by q% |E|%(1+0(1)). Hence the first term exceeds
the second when g*|E|® > g3 |E|3 (1 + o(1)), i.e. when

IE] > g3 (L +o(1)).

This concludes the proof of Theorem 2. —1

4. Discrepancies

4.1. Statement of Results. A hyperplane in Fg is a set of the form {x EEIg :
X-m=t
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To show that the map is onto, we recall that every H [CHl can be written as
{x EEg : X-m = s} for some s [E}, and nonzero m in Fg. Then there exist unique

Vv Iﬂl(Fg) and A [EL \ {0} such that m = Av. Then we write

{x CF} :x-m=s}={x CF} : x-\v = s}
={x CF}:x-v=2A""s}

= HV,)\_ls'
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Proof. We have by the above proposition,

1 1
[EnH|? = |E n Hyt)?
H HI v
tEq

—— 11 1
= @ E() X(s(t—x-V))

v IV {FY) x [Eg s[Eq
t[Ed
L T 1
=q° E(QE(XIX((s — sTOX((—sx + 5% - v)
v IV{FY) x,xHFEY
t S.S
=q! E(QE(X(S(—x + x5 - v)
v IV{FY) x,xHFY
s [F4
2d—1 1 i—Id I 1
=q €] E()X(=sx V)
VIV{F)) — xI[FY
s
= [E(sw)P
v IV{FY)
s
1
= g2t [E(sv)|? + >t IE(0)>.
OVAFY) v IVA{FY)
v s[ﬁl d

Since V (F9) is a direction set, we have

1
=q%! [E(m)]> + g7V (FDIIEI?
m (EN{0}
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