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1 Contingency Tables and Markov Chains

The problem motivating this work is that of sampling contingency tables. A
contingency tableA is a matrix with nonnegative integer entries whose rows
and columns sum to some speci ed values. In other words, given vectors
r=(ri)Z; andc=(g),, of positive integers, a contingency table with row
sumsr and column sumsc is someA 2 Mat,, ,(N) such that
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ri = Ai; and ¢ = Ay (1)

t=1 t=1
for eachi 2 [m]|§\ndj 2F{n] (we use the notation k] = f1;:::;kg). Notice that
itmustbethat r; = ¢ for such a contingency table to possibly exist. We



and call P the Markov chain'stransition matrix. It can be easily seen that for
anyt2 N,
Pr(X,= bj Xo=a)= P'(a;b: 4)

We de ne the period of statei to be p; := gcdft j P'(i;i) > 0g. We then say
that a Markov chain is aperiodic if there exists a statei such thatp = 1. We
say a Markov chain isirreducible or connectedif for every two statesi;j 2 ,
there exists somea 2 N such that P'(i;j ) > 0. A Markov chain that is both
aperiodic and irreducible is said to besrgodic

For any probability distribution  over the elements of , we may think

of +1 = (P as the distribution acquired after performing a transition of
the Markov chain on ;. We say that a distribution on is a stationary
distribution if = P . With these de nitions, we can state a fundamental
result.

Theorem 1. An ergodic Markov chain has a unique stationary distribution
: moreover, the Markov chain tends to in the sense thatP!(a;h !  as
t!'1 ,forall a;b2

This result implies that an ergodic Markov chain can be used to sample
elements from a distribution close to over . We can start with any element
a 2 and transition to other elements according to the rules de ned by the
Markov chain. How close the ending distribution is to is dependent ont,
the number of transitions and the transition matrix. In general, the more
transitions we perform, the closer the distribution gets to . Thus, a Markov
chain is useful for sampling if its stationary distribution matches the desired
distribution over we wish to sample from and if it can quickly converge to
the stationary distribution.

One useful result in computing the stationary distribution of a Markov
chain is the following:

Theorem 2. SupposeP is the transition matrix of a Markov chain. If the
function ©°: I [0;1] satis es
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The Markov chain then transitions fromA to Alif the entries in A% are non-
negative. Although it is easy to describe, researchers have had a di cult time
analyzing the mixing time of this Markov chain.

In a paper from 2017, Kayibi et al. [12] attempt to show that this Markov
chain mixes fast by using a canonical path argument. However, we managed to
nd a counterexample to one of the results used in the argument. Speci cally,
the paper states the following claim:

Proposition 3 (Corollary 8 from [12]). Let N be the number of allm n
contingency tables of xed row and column sums. The number of (Eontingency
tables havingk xed cells (in lexicographic ordering) is at mostN “m .

A counterexample to this proposition can be seen as follows: x 2 Z*
and letr = ¢c=(1;1;:::;1). Then the set ofn n contingency tables with
these row and column sums is exactly the set of tables acquired by permuting
the rows of then n identity matrix. So in this case,N = n!. The set of these
contingency tables with the rst cell xed to be 1 is the set of tables acquired
by permuting the lastn



2 Young Tableaux

We now turn our attention to the study of Young tableaux. Young tableaux,
as we illustrate below, are innately connected to contingency tables, so study-
ing how to sample these objects may provide us with a method of sampling
contingency tables.

A Young diagram (sometimes called a Ferrers diagram) of shape =

1, 2;::1; k) is an array ofk left-justi ed rows of cells such that rowi has
length ; and ; 2 k 1. A standard Young table,gwf shape
is a Young diagram lled with the integers from p] wheren = = '_,  such

that the integers are strictly increasing both from left to right within each
row and from top to bottom within each column (so each integer fromn]|
appears precisely once). Aemistandard Young tableaus a generalization in
which the integers from ] are allowed to appear more than once, and the row
condition is relaxed to require that integers are only weakly increasing from

integer i appears ; times. A standard Young tableau could be considered a
semistandard Young tableau with weight =(1;1;:::;1). The following from
left to right are examples of a Young diagram, a standard Young tableau, and
a semistandard Young tableau, each with shape=(4;4;2;1):

1[2[5[10 [1]1
37811
4[9
6]







a random Young tableau from by randomly selecting the location of the
largest entry and recursively lling out the rest of the tableau.

A corner of a Young diagram is a cell at the end of both its row and its
column. Let c be the number of corners of , and let r; be the row on which
the t™ corner lies. Let ' = ( )k, be the shape derived from by removing
the t™ corner, so (

t _ j ifj 6r¢.
j

: 14
i1 ifj=r (1)

Additionally, let °=( 9, be the weight derived from by removing one
count of the entry a, so

( .
i ifi6a.

i1 ifi=a

—o
]

(15)

Sincea is the largest entry in , it must be located on a corner of any Young
tableau with weight . Given the t"" corner of , we can describe the proba-
bility that a is located at that corner of a Young tableau uniformly i.dOt(i



Plancherel measure (for example, see [11]) and then sampling a Young tableau
with shape . However, this special case of sampling contingency tables, as
discussed in Section 1.1, is not particularly interesting, as the set of contin-



In 1979, Greene, Nijenhuis, and Wilf [7] provided an alternative proba-
bilistic proof of the hook length formula. Their goal in reproving the result
was to establish a better combinatorial explanation of why the hooks appear
in the formula, as the proof provided by Frame, Robinson, and Thrall allows
for no intuitive explanation. A convenient product of their new proof is that
it gives an alternative and more e cient method of sampling standard Young
tableaux, described as follows.

Given a Young diagram of shape with size n, randomly select a celli(] )
with uniform probability 1 =n. Then, randomly select a new cellif 9 from
H (i;j ) nf(i;j )g with uniform probability 1 =(h (i;j) 1). Select another cell
from H (i50



In the following discussion, it will be useful to prove the following lemma
about swaps that can be performed on corners.

Lemma 5. Let T 2 . If 2 [n 1]is located at a corner ofT, then
T[; +1] is a valid Young tableau.

Proof. Consider the two spots ofl local to both and +1 which, in general,
look like:

1 1

2 2| *1| 3

4

Because is at a corner, the row and column conditions ensure that these two
diagrams can only overlapat ; = ,o0or ,= ;.
Now, if and



XJd=Xo[; +1][ +1; +2] [n 1;n]which hasn at the end of rowr,.
Now X 2 and Y, match in the location ofn.
Now, removen from both X 9 and Yo, giving us two smaller Young tablueaux

of sizen 1 with shape °=( 9k, with

( .
; ifrér,.

o1 ifr=r,

e

(19)

Call these tableauxX; and Y;. Now we can use the same process detailed
above to transition X ; to a Young tableauX ¢ that matches Y; in the location
ofn 1. After removingn 1 from both X ?and Y, we get two Young tableaux,
X, andY,, of sizen 2. We can repeat this process 2 more times until the
tableau derived fromX o matchesY,. Each swap that we perform has a positive
probability of occurring in the Markov chain, so we havé®'(Xy; Yo) > 0, where

t is the total number of swaps. O

It follows easily that our Markov chain is ergodic.
Proposition 7.  MC g4 is ergodic.

Proof. First note that forany X 2 , P(X;X ) Pr(i =j)=1=n. Thus, the
periodicity of X is 1, so the Markov chain is aperiodic. With Proposition 6,
this implies that the Markov chain is ergodic. O

Now, by Theorem 1, we can conclude that this Markov chain has some
stationary distribution . Furthermore, just as we desire, the stationary dis-
tribution is the uniform distribution as shown here:

Proposition 8. The stationary distribution  of MC gy4p is uniform on

Proof. Take any two distinct tableaux X;Y 2 such that Y diers from X
by a single swap, i.e. there exist distinct; 2 [n] such that X[; ]=Y.
Then see thatP(X;Y) = Pr(fi;jg = f; g) = 2=n? and by symmetry
P(Y;X) = 2=r?. For all other pairs X;Y that do not di er by a single swap
(either X = Y, or P(X;Y) =0), we also haveP (X;Y ) = P(Y;X). Thus, P
iS symmetric.

Let °be the uniform distribution on . Then for any x;y 2 , we get

WIPy) = AY)P(y;x): (20)

By Theorem 2, we know that °is a stationary distribution for our Markov
chain. Since the chain is ergodic, we know by Theorem 1 that the stationary
distribution is unique. Thus, = Cis the uniform distribution on . O
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So we now know that we can us#lC s,.p to sample uniformly from the
set of all standard Young tableaux of some xed shape. Now we would like to
bound the mixing time of this Markov chain. There are two primary methods
to bound the mixing time of a Markov chain, one which uses \couplings" and
one which uses \canonical paths."

3.3 Coupling for MC gpap

A Markovian coupling for a given Markov chain with space and transition
matrix P is a Markov chain (X¢;Y;) on with the following transition
probabilities:

Pr(Xew1 = aj X, =a;Y, = b= P(a;a); 1)
Pr(Ye: = Pj X = a Y, = b= P(b;19):

The coupling's transition matrix is often denotedP. Essentially, it is a pair
of two Markov chains run in parallel such that each individual chain looks like
the Markov chain de ned by P but which can be dependent on each other.
Using such couplings can often be used to bound the mixing time of a Markov
chain by using the following result often called the \Path Coupling theorem”,
rst found in [2]:

Theorem 9. For some Markov chain on with transition matrix P, x a
coupling (X;Yy). Let G=( ;E) be agraph andd: E! R be a function

that induces distances on . If there exists some > 0 such that for all
fajlg2 E,
Eld(Xt+1; Yis) j Xe=a;Yp =0 (1 )d(a;b; (22)
then 1 d
() =log |/ (23)

wheredna, = maxfd(a;bj (a;b 2 2g.

[2] adds the remark that we can also get a bound on the mixing time if we
assume the premise but with = 0, albeit a weaker one.

To investigate whether such a method could be used to bound the mixing
time of MC gyqp, We construct the graphG = ( ;E) where E = ff a;lg j
P(a;b > 0g. The distance function we de ne onG is the natural one; the
whole ofd on 2 is induced by letting d(a;b = 1 for every fa;bg 2 E with
aé b
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Unfortunately, however, we can show that with this de nition of G and
d, the Path Coupling theorem cannot be used to bound the mixing time of
MC swap- We do this by de ning a linear program that minimizes, over all pos-
sible couplings, the expected distance between two states after one transition
of the Markov chain. It is de ned more completely as follows.

Fix some @;b) 2 E. Forevery @) 2 2, let oo = P((a;b); (3% ) be
a variable to be determined by our linear program. Our transition matrix®
must de ne a coupling, so we must satisfy the constraints in eq. (21). These
constraints are equivalent to

P((a;b; (@) = P(a;a) forall a®2 ;
(24)
P((a;b; (@) = P(b;1) forall B2
at

Translating this into the variables in our linear program, we get the following
constraints:

Xm0 = P(a;a) forall a®2 ;
(25)
Xaop = P(b; 1) forall B2
af2

Because all possible outcomes are represented by the probabilitesp, we

may consider including the constraint
X X
Xaom = 1; (26)
a®2 p%2

but this is taken care of by the constraints in eq. (25) and the fact thaP is
a transition matrix, as
X X X
Xa0p = P(a;a)=1: (27)
a®2 R a%®2
The only other constraints we need are those that force our variables to rep-
resent probabilities:

0 Xapop 1 forall (@2 2 (28)

Note, however, that the constraints listed in eq. (25) automatically provide an
upper bound on the variables, so we do not need to include the upper bound
here; that is, we only need

Xaop O forall (@42 2 (29)
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Now, we want to know if there exists a coupling such that the expected
value found in eq. (22) is strictly less thand(a;b = 1. Thus, we wish to
minimize the following objective function:

X
E[d(X:;Y)jXi=a Y, = b = d(@% )X o0 (30)
(a%b%2



13=18. Thus, the constraints from eq. (25) translate to the following:

Xaia * Xpa* Xgia * Xea * Xra + Xga = 75 (34)
Xap T Xpp+ Xdp+ Xep + Xip + Xgib = i—g; (35)
Xaic + Xpic+ Xdic + Xeie + Xte + Xgic = 1—18; (36)

Xaa + Xap + Xac = 1—:; (37)
Xpat Xppt+ Xpic = 1_18; (38)
Xd:a * Xap + Xac = 1_18; (39)
Xea + Xep T Xec = fg; (40)
Xfa + Xgp + Xpe = 1_18; (41)
Xgiat Xgib+ Xgic = 1—];35 (42)

Additionally, we still have the constraintsx;; 0 for each variable in consid-
eration. By analyzing the tableaux, we get

d(a;0) = d(d;b = d(e;§ = d(f;b) = d(g;b = 2; (43)
d(d;0 = d(e;9 = d(g;0 = 3; (44)

d(i;1) =0, and d(i;j ) = 1 for all other pairs (i;] ) in consideration. This gives
us the following objective function from eq. (30):

Now that we have the linear program de ned, we want to show that its
optimum value is strictly larger than d(a; b = 1, as this implies that the Path
Coupling theorem does not apply. We will do this by considering the dual of
our linear program:

16 1 13

Vo —Vat Vit —Ved —Vet+ —
18Y2 18)’3 18Y4 18Y5 18Y6 18y7

1 1
+ 1878 + 187° (46)

1
maximize Z°= —vy, +
18Y1
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subject to Y1+ Yy
Y2t Ya
Yat Ys
yitys
Y2+ Ys
Yt Y¥s
Y1t Ye
Y2+ Y
Y3+ Y6

Now, consider the assignmenty

Ww NPEF,EFPOFPDNLPELO

yityr
Y2+ Y7
yst+ Y7
yit+ys
Y2+ s
Y3+ Y
Y1t Yo
Y2+ Yo
Y3+ Yo

W NPFPPFPDNEFEP WDNPRP

(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)



(whereE = f(u;v) j P(u;v) > Og) from x to y labeled .. Then we let the
congestion of an edge be

1

Congestion(u; V) = W

(x) N xyl: (56)
Xy
(V)2 xy
We then have the following result:
Theorem 11. Let = maxfCongestion(u;Vv)j (u;v) 2 2g. Then

1 1
() 2 2In - +In m : (57)

Thus, if we can describe canonical paths such that we can nd a polynomial
bound on the maximum congestion of an edge, we can get a polynomial bound
on the mixing time of our Markov chain.

For MC swap, We de ne canonical paths using the process established in the
proof of Proposition 6. Fix two tableauxu;v 2 . Locate the position p of n
in v. Starting with w = v, use swaps to increment the number gb in w by
1 repeatedly until n is also located atp for w. Repeat this process fon 1,
n 2, etc., until w is identical to v. As justi ed in the proof of Proposition 6,
each of the intermediate tableaux are valid Young tableaux, so this process
de nes a canonical path ., from vertex u to vertex v in our graph.

With these paths established, we need to bound the congestion of the
edges of our graph. For a given pair of Young tableauxv 2 , we have the
following:

. 1 X o
Congestion(u; v) = PGV (X) V] xyl (58)
(U?V))(’Zy Xy
1 . .
e J x;yJ (59)
L
(Uv)2 xy
n(n+1) X
5] (60)

Xy
(uv)2 xy

Unfortunately, however, we do not currently have a bound on the size of the set
f(x;y)2 2j(u;v) 2 «yg thatyields a polynomial bound on the congestion
of the edge (;Vv). We leave this for future work.
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4 Sampling Semistandard Young Tableaux

We now switch to the problem of sampling semistandard Young tableaux.
Recall that the RSK correspondence maps contingency tables to pairs of semi-
standard Young tableaux of the same shape. Thus, this more generalized case
is more interesting to us than the case of sampling standard tableaux. Fur-
thermore, once we x the row and column sums for our contingency tables,
the weights of the corresponding Young tableaux are determined while their
shapes are not. Thus, our overall goal is to sample pairs of semistandard
Young tableaux with xed weights and the same, but un xed, shape.

4.1 Complexity of counting Young tableaux

Because of the strong connection between Kostka numbers (and by extension,
Young tableaux) and other areas of mathematics, a lot of work has gone into
understanding and calculating these coe cients (for example, see [18]). How-
ever, de nitive results have remained elusive, possibly due to the complexity
of the problem. In fact, in 2006, Hariharan Narayanan [17] showed that the
problem of computing arbitrary Kostka numbers is #°-complete, meaning
that unless P = NP, there does not exist an algorithm that can compute
these numbers in polynomial time. However, even# 6 NP, the question of



example, consider the following Young tableaux:

112] and |[1[3} (61)
33 2|4
4[5 3[5

These two tableaux both have the same shape and weight, so we would need
to nd a way of getting from one to the other using swaps. Recall that the
constraints of semistandard Young tableaux are that the rows need to be
weakly increasing while the columns need to be strictly increasing. Therefore,
there are no swaps we can perform on either of these tableaux that yield a valid
Young tableau. Consequently, there is no way of getting from one tableau to
the other using only swaps, and our Markov chain is not connected. Thus, we
must consider a di erent type of Markov chain in the semistandard case.

4.3 A Markov chain for variable shapes

We now propose a Markov chain to sample from all Young tableaux of a given






row, oncebis moved to the second row, the entries located abole¢hroughout
the process will never be any larger thaa and, hence, will satisfy the column
constraints of a Young tableau. Since all row and column constraints are
satis ed, each intermediate tableau will be a valid Young tableau. In this way,



considered but not fully explored is that which calculates the total pairwise
di erence between two tableaux' entries. To de ne this more rigorously, leK
and Y be two standard Young tableaux with the same shape. Let the entries
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n = Total [shape];
nv = Length [yts];
vertices = Range [nv];
edges = Select [Subsets



