
Quandle Invariants of Knots and Links
University of Rochester

A senior thesis in partial ful�llment for the degree of

Bachelor of Science in Mathematics

Jacob Miller
Advisor: Jonathan Pakianathan

April 29th, 2022



Abstract



Contents

List of Figures 2

Introduction 3
Knots & Links . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
Reidemeister Moves . . . . . . . . . . . . . . . . . . . . . . . . 5
Oriented Knots . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Elementary Invariants 7
Geometric Invariants . . . . . . . . . . . . . . . . . . . . . . . 7
Fox n-coloring . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Knot Complement . . . . . . . . . . . . . . . . . . . . . . . . 9

Quandle Invariants 12
Kei and Quandles . . . . . . . . . . . . . . . . . . . . . . . . . 12
The Fundamental Quandle . . . . . . . . . . . . . . . . . . . . 15
Geometric Description of the Knot Quandle . . . . . . . . . . 17
Quandle Colorings . . . . . . . . . . . . . . . . . . . . . . . . 18
Quandle Coloring Quiver . . . . . . . . . . . . . . . . . . . . . 19
Quandle Cohomology . . . . . . . . . . . . . . . . . . . . . . . 20

Acknowledgements 23

Bibliography 24

A The Fundamental Group 26

B Homology and Cohomology 28

1



List of Figures

Figure 1 { Three knots . . . . . . . . . . . . . . . . . . . . . . . . . . 4
Figure 2 { The Reidemeister Moves . . . . . . . . . . . . . . . . . . . 5
Figure 3 { Left and Right Handedness . . . . . . . . . . . . . . . . . 6
Figure 4 { Unraveling a Complicated Unknot . . . . . . . . . . . . . 6
Figure 5 { Visual Proof of Theorem 2 . . . . . . . . . . . . . . . . . . 8
Figure 6 { Wirtinger Presentation . . . . . . . . . . . . . . . . . . . . 10
Figure 7 { Kei Crossing Relation . . . . . . . . . . . . . . . . . . . . 12
Figure 8 { Kei Axiom 3 . . . . . . . . . . . . . . . . . . . . . . . . . 13
Figure 9 { The Quandle Crossing Relation . . . . . . . . . . . . . . . 16

Figure B.1 {Boundary Map Intuition . . . . . . . . . . . . . . . . . . . 28

2





De�nition 3. Given two embeddings f, g from a manifold X into another
manifold M, a continuous function H : X × [0, 1] −→ M × [0, 1] is called
an ambient isotopy if (x, 0) 7→ f(x) and (x, 1) 7→ g(x) where H(x, t) is an
embedding for all t ∈ [0, 1], and we say f and g are ambient isotopic.

We say that two links are equivalent if there exists an ambient isotopy
between them.

It would be di�cult to study knots if we always had to work with these
embeddings. The main way we get around this is through knot diagrams :
Given a knot K, a knot diagram of K is a projection of it’s image in R3

to a suitable plane: the projection must be bounded and have a �nite num-



inclusion map i : S1 → R3. While the rightmost knot is the trefoil knot.
How can we show that two knots are the same? We may try to exhibit

an ambient isotopy between either of the knots. But, beyond modeling the
knot physically, it is di�cult to show two knots are actually the same. Luck-
ily, a theorem by Reidemeister [1] gives us an equivalent condition on knot
diagrams to the existence of an ambient isotopy taking one knot to the other.

Figure 2: The Reidemeister Moves

Theorem 1. For two links L and L′, there is an ambient isotopy between
them if and only if their diagrams are related by a �nite sequence of moves
in Figure 2 along with planar isotopies.

The Reidemeister moves serve as a codi�cation of the ways we maneuver
a knot in three dimensional space. The �rst move adds a twist, the second
move crosses one strand over/under another, and the third move passes a
strand over/under a pre-established crossing. Using Reidemeister’s theorem
we are able to show that the complicated knot diagram in Figure 1 is actually
the unknot, we do this in Figure 4.

An oriented knot is a knot along with a speci�ed direction, this is typically
signi�ed by arrows along the knot diagram. There is an analog of Theorem
1 for oriented knots which can be found in [2]. Given an oriented knot we
may reverse the orientation to obtain its mirror image. For some oriented
knots it is possible to distinguish between mirror images { in this case we
call the unoriented version of the knot chiral { the trefoil knot is the simplest
example. One byproduct of adding an orientation is that there are now two
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types of crossings which we denote by left/right handedness. We do this
because it is easy to determine what type of crossing you have by pointing
your index-�nger along the direction of the overstrand (palm down) and
noting which hand has the thumb pointing along the outgoing understrand.

Figure 3: Left and Right Handedness

Figure 4: Unraveling a Complicated Unknot
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Elementary Invariants

We’ve seen that the Reidemeister moves give a method to show equivalence
of knots. But how do we know that the three knots in Figure 1 aren’t actually
all the same knot? This is a big problem since it’s impossible to show that
two knots are di�erent using purely Reidemeister moves { it may be possible
to simplify a knot by introducing some complexity.

A knot (resp. link) invariant is a function on the space of all knots which
remains the same under ambient isotopy. For a function de�ned on a knot
diagram to be an invariant, by Theorem 1, it is equivalent that the function
be invariant under the Reidemeister moves.

Geometric Invariants

An obvious way to begin distinguishing knots is to take a geometric quantity
of a knot diagram and take the minimum over all possible diagrams of the
knot. Some examples are:

� Crossing Number - The minimal number of crossings of any diagram.

� Uncrossing Number - The minimal number of crossing changes (over-
strand becomes the understrand) needed to obtain the unknot or un-
link.

� Genus - The minimal number of holes in a surface whose boundary is
a knot K.

� Length - The minimum length of a knot or link if we give the strands
a uniform thickness.
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Fox n-coloring

Our next two invariants are classics. Here we present the interpretation by
Ralph Fox [3]. Given a knot diagram, we color each of the arcs one of three
colors such that at each crossing either all of the arcs are colored the same
or are unique. A trivial coloring is one which uses a single color. A knot is
tricolorable if there exists a non-trivial coloring of its knot diagram.

Theorem 2. Tricolorability is a knot invariant.

Proof. It su�ces to show that tricolorability is conserved under the Reide-
meister moves:

Figure 5: Visual Proof of Theorem 2

Since we know that tricolorability is an invariant we may �nally be able
to distinguish the knots in Figure 1. First we note that since the unknot can
only be colored trivially, a tricolorable knot cannot be the unknot. Coloring



where y is the label corresponding to the overstrand and x, z are the labels
for the two arcs of the understrand. By considering this condition over Zn



The knot group is generated by loops going around each arc. The Wirtinger
presentation is the most common way to describe the knot group utilizing
one of its diagrams. It has as its generators loops which go once around each
arc of the diagram, and relations corresponding to each crossing.
The type of relation you get depends on the handedness of the crossing

Figure 6: Wirtinger Presentation

axa−1
y azay = 1

or⇐⇒ azayax = ay (L)

axayaza−1
y = 1

or⇐⇒ axayaz = ay (R)

The Wirtinger presentation of the knot group is then the free group on the
generators modulo the smallest normal subgroup containing the set of relators
of the form axa−1

y azay or axayaza−1
y .

Let D2n denote the dihedral group (the group of isometries of a regular
n-gon). D2n has a presentation: D2n = {α, s : αn = 1 = s2, sαs = α−1}. The
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rotations are the set {αk} and is a cyclic subgroup of D2n isomorphic to Zn.
Reections can all be written as sk := sαk.

Theorem 4. The set of Fox n-colorings of a knot K are in bijection with
homomorphisms from the knot group’s Wirtinger presentation to D2n, which
send the generators to reections.

Let A = {ai} be the arc set of a knot diagram of K. A Fox n-coloring is a
map C : A → Zn which satis�es the condition 2y−x−z ≡ 0 (mod n) at each
crossing. It is easy to verify that the mapping ak 7→ sC(ak) ∈ D2n, determines
a nontrivial homomorphism from the knot group to D2n. Conversely, any
nontrivial homomorphism arises in this way.

All the power of Fox n-colorings for knots follows from information in the
knot group. Di�erentiating knots through presentations of their knot groups
is a very di�cult problem. As seen by Theorem 4 it is often easier to study
maps emanating from the knot group rather than the knot group itself. This
is a core idea for the invariants to come. However, to move forward we must
gain a tool better at di�erentiating knots than the fundamental group.
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Quandle Invariants

In order to improve the coloring invariants from last chapter we must realize
a generalized version of our coloring set. With Fox n-colorings we took our
colors to be elements of Zn and then chose labels under the condition in
De�nition 4. After rearranging the equation we see that the label of an
understrand is determined by the other two arcs. We will now consider
what happens when we take a general set and impose an algebraic structure
motivated by the Reidemeister moves.

Kei and Quandles

A Kei is a right-distributive groupoid which has the Reidemeister moves
encoded in its structure. This is seen by �rst labeling each arc of a knot
diagram by an element of a set X. We then say that if x is an understrand
at a crossing, then overstrand y acts on x by right multiplication:

Figure 7: Kei Crossing Relation

De�nition 6. A Kei is a set X paired with a binary operation B such that:

(Idempotent) For all x ∈ X, x B x = x.
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(Involutory) For all x, y ∈ X, (x B y) B y = x.

(Self-Distributive) For all x, y, z ∈ X, (x B y) B z = (x B z) B (y B z).

The Kei axioms follow by assuming the crossing relation holds and then
forcing the labeling to be invariant under the Reidemeister moves. The �rst
and second kei axioms correspond the �rst and second Reidemeister moves
respectively. The third axiom can be see from the following �gure, by eval-
uating the label of the orange strand in two di�erent ways:

Figure 8: Kei Axiom 30 g 0 G
0 g 0 G
Ee11.9552 Tf 4.552 0 Tdpo: Kei2ye552 Tf 11.9d [8xac g 0hTd [(z)]TJ/F32 11.9522 T8 6.137 0 Td [(�)]TJ/F47 11.952 Tf 12.425 0 Td [(X)]TJ/F33 11.9552 Tf 10.655 0 Td [(,)50X



See that every kei is a quandle (typically called involutory quandles) where
B = B−1. Additionally, the second axiom for quandles is equivalent to the
right-action map βy : Q → Q being invertible for all y ∈ Q. So we can
actually just forget B−1 and consider a quandle to be a pair (Q, B) which
satis�es the above.
A function � : (Q1, B1) → (Q2, B2) is a quandle homomorphism if

�(x B1 y) = �(a) B2 �(b)

for all a, b ∈ Q1. The set of homomorphisms from Q1 to Q2 is denoted by
Hom(Q1, Q2) and is equipped with a group structure via the composition
operation.

The self-distributive property of quandles implies that βy is a quandle
homomorphism for every y ∈ Q, and so is a quandle automorphism. We call
each βy the point-symmetry about y and the subgroup of Aut(Q) generated
by the point symmetries of Q is called the inner automorphism group of Q
and is denoted by Inn(Q).

Example 1. Give 0 Tiphism:f307(a)-307(quandle)-307(u11.9552 Tf 9.271 0 Td [().)]TJ
0 g 0 G
/F44 TJ/F32 11.9552 Tf 4.732 1.tn21.t77ery)]TJ/F47 1F44 11.9552 Tf -128.915 -23.049 Td [(Example)-401(1.)]TJ
0 g 0 G67 -47.281 -14.]TJo56(the7(denap)-27(er()]TJ/F47 11.9 Tf5F33 11.9552 Tf 2xample)-401(1.)3.77 0 Td [(1suchtn21.t.794 Td [(is)-428(a)-428 [(er)-382(aut(y)]TJ/F32 11.9552 Tf 64 Tf 13.006 0 Td [(The)-380(set)-3]TJ/F56 11.TJ/F47 11.9552 Tf 114.99120 Td [(1)]TJ/F3[(The)-380(set)-3Tf 20.51 0x2 Tf 2xample)-401(1.)[(e820 Td [(11.291 1.t7l9552 T]TJ/F3[(The)-380(set47 7.06Q)]TJ/F32 11.95x3(equip(and)-307(so)-307(is)22(e83.793 Td [(.)-598(The)-380(set)-3021 -23.049 Td [(Example)-401(1.)]TJ/382(of)]TJ/F47)-3c(denal9552 Tf 52 dF47)-39 0 Td [( 71TJ/F32 11.95f 941 -23.049)]Tsell9545347 11.9559(l0 Td [(Q)]TJ/F32 11.99-381.793 Td [-27(er�8(all)]TJ/F47 11.131 -23.049 Td [(Example)-401(1.)]TJ
0 g 0 G67f 9.49(WeF47)-3lF47 1F44 11.9552 Tf -148.61f 20.51 0T[(p)50(oint-symmetry)861hism)-307(fornTd [(Example)-401(1.)]T2 9.sm)-307(for1.9552F47)-39 0 47)-39]Tsell9002 0 0]TJ3 Td [(y)]TJ/F327 11.9552 Tf 13.00-27(er�8(all)]TJ/F47 6.9550 g 0 G67n2 Tf 2xample)-401(1.)[(19 -14.446 elements(Give 0 Tiphism:f307(a)-307(qua11.lled7(u115552 Tf 9.271 0 346(2).)]TJ
0 g 0 G
/F44 TJ/F32 1d [632 Tf 4.732 1.tn2 -207ery) -227(denoted)-4.5youry) -2c(denanry) -2c(denon Td [(]TJ -202)-4.57 11.9552 Tf 13 -2bery) -2tak Td ;)-167(Q)]TJ/F45 7.973.925.014 0 Td [(I)-79(nn)]TJ/F32 )-35920 Td [(1)]TJ/F3[(The)-380(set)-3420 g 0 G67G2 Tf 2xample)-401(1.11.95309Tf 20.078 0 Td [(-2 Tftt Td ;)-16326(is)-327(a)]8.5050)]TJ/F452 Tf 2xample)-401(1.)3.483.793 Td (of)]f 13.00 11.95502c(denonjugaF47 11.5TJo56(the7(denap)-27(er� 66.358 0 Td [(i7m)-7793 Td [(y)]TJ/F32 11.9552 Tf 6.137 0 Td [())-2307(automorphism1(b)27(y)]TTJ/F47 11.9552 Tf 114.907(a)-307(q)]TJ/F3[(The)-380(set)-3426[(,)-311(and)-301int-symmetry)1 Tfa)-393(quandle)-393(to)-393(b)-27(e)-393(a)-393(pair)- Td [())-433(and)9552 Tf 196.xy2 Tf 2xample)-401(1.)233 1.793 Td ).)]TJ
0 g ]TJ
0 g d7(63.98ed7(u19578 0 TdIdem56(thetent/F32 11.9552 Tf 14.515f 977793 Td [(y)]TJ/F32 11.9552 Tf 6.137 0 Td [())-2307(automorphism1(b)27(y)]TxJ/F47 11.9552 Tf 114.9973a)-307(q)]TJ/F3[(The)-380(set)-3426[(,)-311xand)-301int-symmetry)680(a)-393(quandle)-393(to)-393(b)-27(e)-363(a)-393(pair)- Td [())-433(and)9552 Tf 196.xxJ/F47 11.9552 Tf 1141y)620 g 0 G67)]TJ/F3[(The)-380(set)-3426[(,)-311xand)-3Q;y) automorphism1(b)27(y)]TTJ/F47 11.9552 Tf 1141





x B−1 y = z

where z is the outgoing understrand. Which relation we use depends on the
type of crossing, as seen below.

Figure 9: The Quandle Crossing Relation

De�nition 9. Given a diagram of a link L, the fundamental quandle QL

is the free quandle on the arc-set A modulo the equivalence relations generated
by the crossing relation.

Theorem 5. The fundamental quandle is a link invariant.

Proof. We will show how the quandle axioms are motivated by the Reide-
meister moves in such a way that the fundamental quandle is locally invariant.

R1: Going from one strand, labeled x, to a twist we know that two of
the arcs must be labeled x. The other strand is x B x, so in order for it to be
invariant we must have xBx = x which follows from the �rst quandle axiom.

R2: Comparing the left and right sides of the R2 move, we require
y Bz = x. See that given any z, x ∈ QL there should be a unique y such that
y B



Example 5. Here we will calculate the fundamental quandle of the oriented
trefoil knot T . We start with three generators a, b, c, each corresponding to
one of the arcs in Figure 1. The following choice is used only to exploit the
three-fold symmetry of T . First choose an orientation, then label the strands
as we traverse the knot so as to label them in reverse alphabetical order. We
obtain the following crossing relations:

a B b = c

b B c = a

c B a = b

Thus QT is partially given by the following operation table.

B a b c

a a c
b b a
c b c

We get that QT is in�nite and given by:

QT = ⟨a, b, c|a B b = c, b B c = a, c B a = b⟩

We now give a geometric description of the fundamental quandle of a
knot (called knot quandle) adapted from [6]. Let K be an oriented knot in
R3, and let N(K) be a small tubular neighborhood about K, let E(K) =
(R3 \ N(K)). We let �K be the set of homotopy classes of paths in the space
E(K) with a �xed initial point, p, and endpoint on ∂N(K). Let my ⊂ E(K)
be an oriented meridian of the tubular neighborhood hooking an arc, y, of
the knot. De�ne xBy = [x◦y−1 ◦my ◦y], where x is a representative path of
x ∈ �K and we view each arc a as an element of �K where a is a path from p
to a point on the boundary of the torus ∂N(K) about the arc a and the path
must travel only ‘over’ the knot. The quandle axioms are easily checked, To
see how �K is equivalent to QK from De�nition 9, see Theorem 3.1 in [6].

The knot group acts naturally on the knot quandle. Fix a point p outside
of the tubular neighborhood used as a basepoint for both the quandle and
group. For a loop γ ∈ π1(K) and element δ of the quandle, γ(δ) = δ◦γ ∈ �K .
Furthermore, under this interpretation there is a natural map from the knot
quandle to the knot group. For each element x of the knot quandle (a path
from p to ∂E(K)) we may associate the loop x−1 ◦ m ◦ x, where m is the
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meridian passing through the endpoint of x. This shows that the knot group



is assigned the color x ∈ X, then a 7→ x. Furthermore, the map C : QL → X
is a homomorphism. Take a crossing as in [9] where C(a) = x, C(b) = z, and
C(a B b) = y, then since the crossing relation requires that x B z = y we get
that C(a) B C(b) = C(a B b) for any two generators x, y of QL.

Theorem 6. The Fox n-coloring invariant is related to �X(L) where X is
taken to be the dihedral quandle on n elements.

Where our de�nition of Fox n-colorability was conveniently chosen to
ignore trivial colorings obtained by using the same color throughout a dia-
gram, the quandle coloring invariant (as a consequence of the �rst quandle
axiom) does not di�erentiate. In other words, for any �nite quandle X with
|X| = n, Hom(QL, X) will have at least n elements corresponding to the
constant maps. This is seen through the trefoil knot T , which has six Fox
3-colorings but �D2·3(T ) = 9. To see the latter simply note that homomor-
phisms are uniquely determined by where we send the generators of QT . By



See that QX is an enhancement of the quandle coloring invariant since
we can recover �X(L) from the cardinality of the vertex set of QX . By
considering endomorphisms on X we are able to glean information about the
structure of the coloring space. This is because the structure of the quandle
quiver tells us if two elements of the fundamental quandle are related by
an endomorphism on X. For examples of the quandle coloring quiver in
action see Examples 5, 6, and 7 in [8]. One can also �nd certain polynomial
invariants derived from the quandle coloring quiver, for this see [9, 11].

De�nition 12. A category, C, is a class of objects O along with a set of
maps between the objects called morphisms. Additionally a category must
satisfy the following:

1. For each object a ∈ C there is an identity morphism Ia such that
for any two morphisms f : a → b and g : c → a we have f ◦ Ia = f and
Ia ◦ g = g.

2. For any pair of morphisms f : a → b, g : b → c, there exists a
composition morphism g ◦f : a → c, and the composition of morphisms
is associative.

The quandle coloring invariant is a fairly useful, but it is integer valued
and not functorial: the invariant does not associate anything to a map be-
tween spaces. The quandle coloring quiver is its categori�cation; for a �xed
�nite quandle X it associates each link to a set of vertices, and to every
endomorphism of X a directed path on these vertices.

Theorem 8. The quandle coloring quiver is a categorization of the quan-
dle coloring invariant, with X-colorings of L as objects and elements of
Hom(X, X) as morphisms.

Proof. The identity map I ∈ Hom(X.X) satis�es the �rst axiom. Since
composition of endomorphisms is an endomorphism, and composition is as-
sociative we are done.

Quandle Cohomology

This section requires knowledge of homology and cohomology. For a primer
see Appendix B. A rack is a quandle without the �rst (idempotent) axiom.
For a �nite quandle X, let CR

n (X) be the free abelian group generated by
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(x1, . . . , xn) for xi ∈ X. The superscript \R" stands for rack. We de�ne the
boundary map:
∂n : CR

n (X) → CR
n−1(X) as the following:

∂(x1, . . . , xn) :=
nX

i=2

(−1)i[(x1, . . . , xi−1, xi+1, . . . , xn)

− (x1 B xi, x2 B xi, . . . , xi−1 B xi, xi+1, ..., xn)]

for n ≥ 2 and ∂n = 0 for n < 2, and extend linearly. The chain complex is
then:

· · · → C



For abelian groups A, B, C and homomorphism f : B → C, we will let
HomZ(f, A) : Hom(C, A) → Hom(B, A) be the homomorphism mapping
ϕ → ϕ ◦ f for all ϕ ∈ Hom(C, A
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Appendix A

The Fundamental Group

First formulated by Henri Poicare (April 29th, 1854 - July 17th, 1912), the
fundamental group is a group associated to each topological space (in this
paper we used a subset of R3). We �rst de�ne homotopy as it allows use to
de�ne equivalence classes of functions. In particular: paths.

De�nition 15. Let X be a topological space and x, y ∈ X. A path from x to
y is a continuous map γ : [0, 1] → X such that γ(0) = x and γ(1) = y. Two
paths α and β with endpoints α(0) = x = β(0) and α(1) = y = β(1) are called
path homotopic (α ≃ β) if there exists a continuous map H : [0, 1] × [0, 1] →
X which satis�es:

H(s, 0) = α(s)

H(s, 1) = β(s)

H(0, t) = x

H(1, t) = y

One may think of H as a function along the space of paths in X where
the endpoints are �xed. The time interval t is then a continuous deformation
of path α to the path β. Thus path homotopy gives an equivalence relation
on the set of paths in X from x to y. We denote [γ] as the homotopy class
containing the path γ. Thus [α] = [β] ⇐⇒ α ≃ β. We also get an
equivalence relation on elements of the set X. For x, y ∈ X we say that
they are path connected if there exists a path in X between x and y. For
nice spaces (locally path connected), the path connected congruence classes
correspond to the connected components of X.
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We may de�ne a binary operation, called path composition, between paths
where the endpoint of one equals the intial point on the other.

De�nition 16. Let x, y, z ∈ X and α be a path from x to y and β a path
from y to z. Since α(1) = β(0) we can de�ne:

(αβ)(s) =

(
α(2s), 0 ≤ s ≤ 1

2

β(2s − 1), 1
2

≤ s ≤ 1

Furthermore, this product is associative and can be extended to the equiv-
alence classes of paths. If α1(1) = β1(0), α1β1



Appendix B

Homology and Cohomology

Cohomology is one of the greatest contributions to mathematics of the last
century. It is derived from homology, a powerful tool used as a Rosetta



∂n : Cn → Cn−1 called boundary maps :

. . .
∂n+1−−−→ Cn(X)

∂n−→ Cn(X)
∂n−1−−−→ . . .

∂2−→ C1(X)
∂1−→ C0(X)

∂0−→ 0

We require that composition of boundary maps is the constant map which
sends all elements in Cn+1(X) to the identity of Cn−1(X):

∂n ◦ ∂n+1 = 0n+1,n−1

Or equivalently, Im(∂n+1) ⊆ ker(∂n). Furthermore, Im(∂n+1) is a normal
subgroup of ker(∂n



The nth-cohomology group, Hn
A(X), is then the n-cocylces ker(δn
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