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One motivation for studying higher-dimensional SDEs comes from the wave
equation
@2u D 1u;

u.0; x/ D ug.x/;
@u.0; x/ D uy.x/:
In this equation, we have
62u D @2u D 1u:
If we let
v D @ru;
then we can rewrite the wave equation as the following system of equations:

@u Dv;
@v D 1u:
The original wave equation includes no noise. However, many physical systems

are affected by noise. Hence, a modification of the wave equation which includes
white noise is also studied:

@2uD 1uC f.u/W;
u.0;x/ D ug.x/; 1)
@u.0; x/ D uy.x/:
Note x 2 R and W D W .t; x/ is white noise.
One well-known point is that Lipschitz continuity is sufficient for the uniqueness
of SDEs. Thus, many mathematicians have studied whether Holder continuity
can still ensure the uniqueness property of SDEs. Gomez, Lee, Mueller, Neuman,

and Salins [Gomez et al. 2017] studied the uniqueness property of the following
two-dimensional model of SDEs:

dX DY dt;
dY DjXj dB; (2)
.Xo; Yo/ D .Xo; Yo/:

The results focused on f.x/ D jxj since it is a prototype of an equation with
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It was proven in [Gomez et al. 2017] that if > 1 and .Xo; Yo
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. the absolute values of its components,

11/27
2 %1, DmaxfjvijVi D 1;2;:::;ng;
2 and
A a”b D min.a;b/;
% a__b Dmax.a;b/:
7 If there is no such time, we let , be infinity. Note that limp+1. n/ D
s Now, for each fixed n, we will show unigqueness up to time , in the system of
9 equations _ _
10 dX{" DY""dt;
1 dy" D Z{" dt;
2 i;n syiin: (4)
13 dZt' DJXt’ J 1'|'0’ nU.t/dBt,
14 -Xo; Yo; Zo/ D .Xo; Yo; Zo/:
15 . .
1 In other words, after the time ,, we have dZ;"" D 0, which makes Z;"" become

1, constant. Specifically, given m;n 2 N, we need

18 XE Y& 2D UXT Yz
© forallt ™ .

201,23 Now, before continuing the proof of uniqueness, by the method of contradiction,
21 we show that the times that X; hits zero do not accumulate before the time ,
22 almost surely. _
23 For each n, let A, be the event on which the times that X{" D0, i D1ori D2,
24 accumulate before ,, and assume P.A,/ > 0. Then, on Ay, suppose , is an
5 accumulation point of the times t at which X{™" D 0; i.e, there exists a sequence
% of times 17 < 2n < that converges to ,, and X‘?krjn D 0. Hence, on A,,
o limge 1 ken D

28 We have X{" is almost surely continuous, and that X‘?k”_n DO0on A, SO

2

32 Jim X DXITDO

3L on Ap. ' ' '

32 Note that dX{" D Y{"" dt, and Y,"" is almost surely continuous. So if Y':" ® 0
33_on Ay, then there exists a random interval T .1/ .¥/; . 1/Uof positive length
34 for which X{"®0onT ,.1/ .1/; ,.1/U. This contradicts the hypothesis of
35 y.p converging to .

3% If YN DO, there are two cases,

o n n and n< n:

30 If |, n, then it means that the times at which Xi;” hit zero do not accumulate
40 before .
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If o< n thenwith X:"D0and Y"" DO, we have jZ""j>2 ". Now suppose
Zin>2 N as the case Z'"" <2 " is approached similarly due to symmetry.

If Z‘?nn >2 " since Z; is almost surely continuous, there exists a time interval
T o1/ U1/, (.Y Uonwhich Z{">2 "=2, Thusforallt2T ,.1/ ".1/; .1/l
we almost surely have

in i : " i 2"
v/ pytn Z"ds< St
t

Hence, integrating over X" fort 27 , % .U, we have

z z
. N N N n n
X" D XN Yinds D Yinds> 2o, s/ds
t t t .
2N SZ n 2n / t/ﬂr;'DZ
°2 o 7 (Pt
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Hence Z,
2 n

. . 2 n
X"oxg"C o S—ds St 8
t 0 0 2 2 ( )
Furthermore, based on (8) and jXIMj 2 "forallt 270; to.nU, it leads to to., 2,
otherwise X" >2 " which means that t > to.,, a contradiction.
Note that 7
) t
X¢"DXoC  Y!"ds;
z%
Yi"DY,C  Zi"dk;
. ZO k
Zi"DZoC XM 1p; .t/ dBy:
0
Thus
) 2L Zyw
X;'n D XgCYotC ZoC jxlrnj 7. ,u.t/dB, dkds
0.0 0
'z, 2z,
D XgCYotC ZodkdsC
00 0 00
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L L Ly
t’E JXEN O jX2Nj /2drdkds
0050
TARTANAN
t’E JXEN O jXEN 2drdkds
0 0 O
Zt
Dt*E  jx}"j  jXZ"j Adr
0

Now we apply the mean value theorem for the function f.x/Dx , 0< <1, and
a<b:
b aDec b a a b al

for ¢ 2 .a; b/. Then for r 2 T0; to.nU, where to is determined in (5), we apply (8):
n 1
PXERj X3N] Sor o XE xR (©)
Now let
D D ET.jX{"j  jX2"j/A:

Since to:n 2, we have for all t 2 T0; to:
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Note that for all t 2 T0; tg.nU, we have Y," > 2 "=2 > 0. Hence X" is strictly
increasing, which, leads to Xy, strictly positive. Therefore, by the strong Markov
property, we have uniqueness until the time X next hits zero.

Case ll: Yo=0, Zg< 2
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Case l1l: Yo>0, Zo>2 " Now we let T, be the first time that either " or 3"
hits the value 2 "=2. Since both Z*" and ZZ" are continuous, we have T, > 0
with probability 1. So we now prove uniqueness up to the time to.n ™ Ty, Where to:n
is defined in (5).

Then for all t in TO; to.n © ThU, we have

in 2"
Z; 5 |
therefore 7
Y/ y,C tﬂds, 2% (11)
t 0 , 2 5
since Y," 0.
Based on (11), for t 2 T0; to.n ™ ThU
‘. Z t 2 n 2 n
X" XoC S—sds  £—t?

0o 2 4
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Using (12) and the mean value theorem, for r 210; ™ T, ™ to:nU, we have

1

.1 .0 2N T e eemdn.
=R S IR R
Hence
. ' yn 2 U Zy
ET.RLN REN2) 4 2 T E ) rd Y jgln  jRZNj2dr;
so if we let
D; D ET.jRI"j jRZ"j/u;
then Z,
D, ET.g" &2 c, r* *Ddr
0

Again, applying Gronwall’s lemma, with Dc
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with .2;"; @"; 85"/ D . Xo; Yo; Zo/ for i D 1;2. Furthermore, using (13), %",
@"" 2" can be defined for all time.
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