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Abstract






On the left side, we can choose n to have as many prime divisors as we desire, say N. Then
p(fn) = % Thus, p(Int(2)) is infinite. [1, Theorem V1.3.6]

Chapman and McClain show in fact that Int(Z) has full elasticity, that is, every rational number
™ > 1 can be attained as the elasticity of some polynomial in Int(Z). [3, Theorem 4.5]

Because elasticity only gives information about how the most extreme factorizations compare
to each other, it is useful to consider the catenary degree, which gives information about how all
the factorizations di Lerlfrom each other. To do so, we must define a distance between factorizations
of an element.

Let z; = ajas - -arp1P2 - Pn and zo = a1az---ar102 - - - m be factorizations of x such that
a; are irreducible elements appearing in z; and in z,, and p; £ g; for any i,j. A is an integral
domain, so we can cancel each of the a; to get factorizations z;'= pip, -+ pn and z5'= 102 - - - gm
which have no terms in common and are both factorizations of the same x" [CA. We define the
distance d(z, z,) to be max(n, m).

We say that a sequence of factorizations (of a particular, fixed element) z1,25,...,24 is a w-
chain for an integer w > 0 if d(zj,zj+1) < w whenever 1 < i < n— 1. The catenary degree of an
element x, denoted cat(x), is the least integer w such that for any two factorizations z,z5of x,
there exists a w-chain zo = 2,23, 25,...,2, =z As with elasticity, we define the catenary degree
of a factorization domain A to be cat(A) = sup{cat(x) | x CAl}.

We have two other definitions which become useful in computing distances and catenary degrees.
Let n be an integer. Then Q(n) is the number of prime divisors with multiplicity dividing n. For p
prime, vp(n) is the highest power of p dividing n. (Note that this is the p-adic valuation and hence
has interesting algebraic properties, but we use it in a strictly combinatorial/number theoretic
sense.)

1.3 Factorization Properties

Chapman and McClain prove some basic lemmas about factorization in Int(S, D), for D a unique
factorization domain and S an infinite subset of D. (Recall that this is {f [CK[x] | f(S) D} for
K the quotient field of D, and that Int(Z) is the case that S = D = Z). We present the ones that
we found the most useful here.

Definition: First, we define the fixed divisor of f [ni(S, D), d(S,f) = gcd{f(s) | s [S}.
When d(S, f) = 1 we say that f is image primitive over S



Proof: (1) % is an element of Int(S, D), so we can write f(x) = d(f)- %. If £ is irreducible,
then d(f) must be a unit (which is one of *1), so T is image primitive.
(2) Follows from Proposition 1.3.1 (1). [
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Our main result is that a polynomial f of degree n has cat(f) < Q



: O d(F ! =
cancelling common factors, we have d(z5z) < max(m, Q(m) + L(m)).

m is the number of nonconstant irreducible factors appearing inax(



be a factorization of f into irreducible elements. By Lemma we can reorder pf$ if necessary to get
a=p---prforr=0Q(









(Note that here we use the assumption that the degree is at least 4.) So, as 2 is not divisible by
gj, we construct h;j such that (x — 1)(x — 2) divides hj, and in particular, 2 | d(h;). So hk) = %’“
mod 2 but by construction of s and because 2 D’F‘,—!, we find that in fact h™s never divisible by 2.
As gd) is not divisible by 2, we get that d(g"H")'is not divisible by any prime not dividing 2.

But by construction, for every prime g; dividing &, g'k) = uiq;}!P gi(>)mod




Otherwise, s =1






T m=<k—1,|lx,k—m| =< p™ — 1. We proceed by induction on m.
M<r < p-1, let y, = xo + rpk~(modpX)



. By Lemma 8, this is less than or equal to
1



= (a1X —by)---(arx — by)

V4
(Ar+1X—Dbr+1)---(@nX—bn)



in the general case admitted corollaries regarding elasticity—can we do this in the linear case as
well?

Regarding constructions, we were able to prescribe two of three conditions at a time. Can we,
under any conditions, construct a polynomial of prescribed polynomial degree, catenary degree,
and elasticity? Can we prescribe elasticity and catenary degree? If we could prescribe a very small
elasticity and a very large catenary degree, both of which are measures of nonunique factorization,
it would be an indication of a certain independence between them, which would be surprising.
At the same time, we do not have results which link elasticity to catenary degree, aside from the
computation of the catenary degree of fgh'g and the remark that the integers s, k, and prime p
can be chosen such that this polynomial has certain elasticity.

There are also questions about to what extent the results generalize. In particular, it would be
interesting to investigate to what extent catenary degree might have algebraic implications (similar
to the question Carlitz answered regarding elasticity), and what these might mean for Int(Z).
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