ROTH’S THEOREM ON ARITHMETIC PROGRESSIONS

ADAM LOTT

ABSTRACT. The goal of this paper is to present a self-contained exposition of Roth’s
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Remark 1.2. Lower density can be defined in the same way, with liminf replacing
limsup
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For the remainder of the paper, we focus our attention on Roth’s original theorem.

Theorem 1.3 (Roth). Let A be a subset of Z with positive upper density. Then A
contains a three term arithmetic progression.

The theorem is often phrased in the following equivalent form, which is easier to
work with.

Theorem 1.4 (Roth, finitary form). For every d > 0, there exists an Ng(d) such that for
every N = Ng and every A [{1,2,...,N} with #A = 0N, A contains a three term
arithmetic progression.

1.2. Notation. We denote by Zy the additive cyclic group Z/NZ. Throughout the
paper, we identify sets with their characteristic functions in the sense that for any set S,
we define the function S(x) := 1 if x [Sland S(x) := 0 if
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(b) Pointwise estimate. For any m [Z},, we have

1
i) < N2 IF 1. (2.6)
X [Z
(c) Plancherel’s identity.
1
[f)I? = N7 [F() (2.7)
m [Zy, X [Z§,
(d) Convolution identity. For ¥, g : Zn — C, define the convolution
1
(fF Co(x) := F()9(x —y). (2.8)
y [ZJ
Then for any m,
(f Eghtrmy—L N 1i¢rh)g(mn). (2.9)
Proof.
(a) We have, bz Progosition 2.1,
Xocmyfigahy = N1 x(xm)x(—ym)F(y) (2.10)
m my
=N f@y)  x(mx-—y)) (2.11)
y m
= f(x). (2.12)
b , . ity
(b) By the triangle inequality
)] < NT2 X(xm)[F)] = N7 [F()). (2.13)
(c) We have
1 _
[f))> = N72 X(—xm)F )X (—ym)F(y) (2.14)
m mlxv 11 I
= N7 fOOf(y)  Xx(m(y —x)) (2.15)
X,y m

= N~
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= Nfh)gam). (2.21)

3. PROOF OF ROTH’S THEOREM

The general strategy of the proof is as follows. If the Fourier coefficients |A?n‘1)|
are small forallm 8 0
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L1
= N7'#B)’(#A) +N?  Bh)BL2m)Ah) (3.6)
0

mg

= N }#B)*(#A) + E. (3.7)

At this point, we may assume that #B = #A/5. If this is not the case, then either
A n [0,N/3] or A n[2N/3,N — 1] must have size at least 2(#A)/5 and hence has
relative density at least 66/5 > 8 in its ambient progression. Thus the density increment
argument kicks in (i.e., we may replace A by A n [0, N/3] and [N] by [N/3] and repeat
the same argument).

3.1. Small Fourier coefficients. When all of the nonzero Fourier coefficients |A¢rh)|
are small, we can use (3.7) to establish the existence of a three-term progression directly.

Theorem 3.1. If |A(_n|1)| < 42/10for all m 2 0, then A contains a three term arithmetic
progression.

Proof. We prove this by showing that the error term E in (3.7) is small. By the Cauchy-
Schwartz inequality and Plancherel’s identity, we have

|E|] = NZmax |A¢h)]
m
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3.2. Large Fourier coefficients. If A has a large Fourier coefficient, then the estimate
given by (3.7) is not useful, so we must use the additional arithmetic information that
the large Fourier coefficient encodes. In this section, it will be convenient to work with
the so-called balanced function f(x) := A(x) — 3. We quickly describe the important
properties of f.

Proposition 3.2. The balanced function T possesses the following properties.
@ f(x)=0.

(b) figrh) = A¢h) for all m 2 0 and 140} = 0.

Proof. We have

I 1 | 1
fx) = AX) —5 = #A—3N = 0

d
figrh) = N X(—mx)f(x) = N X(—mx)A(x

X X
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FIgURE 1. Anexample of the above construction with N =11, r = 4,
[CIN — 1= 3. Notice that there are two points in the bottom left and
top right boxes.

Letd = p—q. Let P be the progression {.. ., —dE@&dH
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ballanced flunctioil of A. INote that G hai mean :/ailue zerﬁ) because

1
G = fPK-y)= ) PKx-y)= #P)(y) =0
X X,y y X y (320)
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3.3. Completing the proof via density increment argument. Suppose A is a subset

of [N] containing no 3APs. By Theorem 3.1, this implies that for some r & 0, |A&d)| =
52/10. Then by Theorem 3.3 with L= 52/10, there exists an arithmetic progression

P, such that #P; = (32/640) N and #(A n P;) = (5 + 3%/80)(#P1). Let A; =
An P]_
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Proof. We have

) 1 N 1 .
IG@)I" = X(@ax9)x(@y?) = x@x® —y?)). (4.14)
Xy [Zd Xy [Zg
The change of variablest = x—y, u = x +¥ is bi'!ective and tu = x? —y?, so we have
IG@)° = X(atu) (4.15)
t,u I %%
= X(ar) (4.16)
rzg t’E
= Xx(arym(r) (4.17)
rtzg

where m(r) = #{(t,u) 1
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Since #E, = (p + 1)/2, we have
—1

-1

p
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1
= N3 f(a)f(d

a,b,c,d
a-+d=b+c
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L1
= N7° (0+F())(0 +F(x+hy))@+F(x+h

x,h1,h2
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PN e B @:'c%c:. ;5;5
< Nl’zgf(y) If@)P f(X-y>f<X‘ZE
y

(5.27)
— I |I:|I 1 @@
= N2 INVZ2  f(y) f(x—y)f(x—2)f(t—y)F(t—2) L1 (5.28)
y X,z,t
= B o2 [ ol e
=N¥ L1 [f(y)f fx=y)fx—2)f(t—y)f(t—2) L]
' n (5.29)
:I|:| Lrdl
< N¥N4(530  F(x'=y)F(x — 2)F(t — y)F(t — 2) (5.30)
I:I X,y,Z,t
1
=N N F(a)f (b)F(

a+b=c+d
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