Real Analysis Prelim Questions

Day 1 ] August 27, 2013

Pass at the PhD level requires at least 3 problems worked correctly. There
is no partial credit.

Do as many problems as you can in whatever order you wish. Use a sep-
arate blue book for each problem. Clearly indicate the exam date, the
problem number and your name on the front of each book you use. There
are 5 questions. TIME LIMIT: 3 hours

Instructions:



(i) Prove or nd a counterexample of: If an f asin (i) also satis es jjfjj_1rn) <
14, then T takes values in [0; 1) almost everywhere.

(iii) Prove or nd a counterexample of: If an T as in (i) takes values in [0; 1)
almost everywhere, then jjfjj irny < 1.



Complex Analysis Questions

Day 1 ] August 27, 2013

Pass at the PhD level requires at least 3 problems worked correctly. There
is no partial credit.

Do as many problems as you can in whatever order you wish. Use a sep-
arate blue book for each problem. Clearly indicate the exam date, the
problem number and your name on the front of each book you use. There
are ve questions. TIME LIMIT: 3 hours

6. Suppose that (z) is holomorphic on D = fz : jzj < 1g. Suppose also
that for all z 2 D, <f(z) > 0 and f(0) = 1: Prove that for all z 2 D we have

1+jzj,

1 jzj

T2

7. Suppose that is an open connected set containing 0 and that f(z) is
holomorphic on . Show that if jF(1=n)] e " forn =1;2;:::; then (2)
is identically zero on

8. Let ff(z)g be a sequence of functions holomorphic in the complex plane
C, which converges uniformly on compact subsets of C to a polynomial P (z)
of positive degree n. Prove that if k is su ciently large, then f(z) has at
least n zeros (counting multiplicities).

9. Compute, using the residue theorem and including complete justi-
cations, 7
1
COS X

. 9+ 10 +xE

10. Let P(z) be a non-constant complex polynomial, all of whose zeros
lie in a half-plane fz : <z < ag where a is a real number. Show that all the
zeros of P'(z) lie in this same half-plane. (Hint: compute the logarithmic
derivative of P (z).



Algebra I Questions
Day 2 ] August 28, 2013

Pass at the PhD level requires at least 3 problems worked correctly. There
is no partial credit.

Do as many problems as you can in whatever order you wish. Use a sep-
arate blue book for each problem. Clearly indicate the exam date, the
problem number and your name on the front of each book you use. There
are ve questions. TIME LIMIT: 3 hours

11. a) Show that A4 has no subgroup of order 6, and explain why this implies
that the \converse™ of Lagrange’s theorem is false.

b) Find the commutator subgroups of S4 and A4 and of S, and A, if n 5,
and justify your answers. (Hint: you can do this without actually computing
any commutators.)

12. Let H be a proper subgroup of a nite group G. Show that G can not
equal the union of conjugates of H.

13. a) Assume without proof that all groups of orders dividing 36 but strictly
smaller than 36 are solvable, and use this to conclude that all groups of order
36 are solvable.

b) Show that if G is any group of order p?q for distinct primes p;q then at
least one of its Sylow subgroups must be normal. (Keep in mind that your
argument should also work in the case p =2 and q = 3.)

14. Recall that an element x of a ring A is called nilpotent if x" = 0 for
some positive integer n.

a) Suppose A is a commutative ring with 1 & 0 satisfying the property that
A (the localization of A outside of m) has no nonzero nilpotent elements
for any maximal ideal m. Prove that A



use any properties about Artin rings other than the de nition of Artin rings
in your answer, also include an explanation of why those properties are true.

b) Prove that an Artin ring has only a nite number of prime ideals.



Algebra Il Questions
Day 2 ] August 28, 2013

Pass at the PhD level requires at least 3 problems worked correctly. There
is no partial credit.

Do as many problems as you can in whatever order you wish. Use a sep-
arate blue book for each problem. Clearly indicate the exam date, the
problem number and your name on the front of each book you use. There
are six questions. TIME LIMIT: 3 hours

16. a) Let k be a nite eld with q elements. Prove that
., Y Y
x¥ x= fa(x) (€))
djin fq

where the inside product is over all monic irreducible polynomials of degree
d over k, and the outside product is over all positive integers d dividing k.



Let k be a eld of characteristic p & 0. Prove each of the following.

a) Let K be a cyclic extension of k of degree p. Then K = k( ) for some
2 K that is a root of a polynomial x* x ¢ for some ¢ 2 k.

b) Conversely, for any ¢ 2 k, the polynomial X x ¢ either has one root in
k, in which case, all its roots are in k, or it is irreducible. Moreover, in the
latter case, k( ) is Galois and cyclic of degree p over K.

20. Let k be a eld of characteristic &2, 3. Let f(x) be an irreducible
cubic polynomial over k and g(x) be an irreducible quadratic polynomial over
k of the form g(x) = x> ¢ for ¢ 2 k. Assume that [k( 2) : k] = 2 and
k( '*2) & k(c'™?) where  denotes the discriminant of f . Let be a root
of f(x) and let be a root of g(x) in an algebraic closure. Prove

a) The splitting eld of (x)g(x) over k has degree 12 over K.
b) Let = + . Then[k( ):k]=6.



Topology Questions
Day 3 ] August 29, 2013

Pass at the PhD level requires at least 3 problems worked correctly. There
is no partial credit.

Do as many problems as you can in whatever order you wish. Use a sep-
arate blue book for each problem. Clearly indicate the exam date, the
problem number and your name on the front of each book you use. There
are ve questions. TIME LIMIT: 3 hours

21. Let A X. Let C be a connected subspace of X that intersects both
A and X A. Prove that C intersects the boundary of A, BdA.

22. LetY X and assume that both X and Y are connected. Suppose
that X Y =A[Bwith A\B = =A\B. Prove Y [ A is connected.

23. Prove that if Y is compact, then the projectionv; : X Y ¥ X maps
closed sets to closed sets.

24. Let TX g be an indexed family of non-empty spaces. Suppose Q X

is locally compact. Prove that each X is locally compact and X is compact
for all but nitely many values of

25. Prove that a closed countable subset of a complete metric space has an
isolated point.






trices.
(a) Prove that G is a smooth submanifold of R*

b) Describe the elements in the tangent space to G at the identity element e
and determine the dimension of the submanifold.

(e ol

(c) If Y is the left invariant vector eld on G whose value at g = ? is
_ 21 2a
Yo = 0 2

what is the value of Y at e? Y, =.
(d) What is the dimension of the space of left invariant vector elds on G?

29. For which values of a is My = f(x;y) j y> = x(x 1)(x a)g a
submanifold? What is the dimension of the submanifold?

30. Let M, N and X be smooth manifolds. Let : M ¥ N be a surjec-
tive submersion and let F: M ¥ X be a smooth function.

IfG: N ¥ Xsatis esG(y) = F(x) forall xsuchthat (xX) =yandF =G
then G is a smooth function from N T X.

Prove this statement. (Use the properties of a surjection or the \constant
rank theorem.)
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